A perturbative approach is employed to solve the Bloch-Torrey equations in the presence of distant-dipole fields in nuclear magnetic resonance. The procedure, although only carried out to first order in the perturbation parameter aϭ1/k 2 D d , could, in principle, be generalized to higher orders. Here D is the diffusivity, d the dipolar demagnetization time, and k is the wave vector of the spatial modulation of magnetization produced by the magnetic field gradient. The results are especially interesting for dilute binary mixtures consisting of molecular species with different diffusivities. In this case the calculated two-dimensional correlation spectroscopy revamped by asymmetric Z-gradient echo detection spectra are shown to be free from some inadequacies resulting from a simplistic application of standard approximations.
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I. INTRODUCTION
The role of diffusion in the presence of distant-dipole 1 fields in liquids has been studied from various points of view focusing on different aspects of the problem. Since the equations appear to defy any possibility of a simple analytical solution, various approximations have been employed in the derivation of expressions describing the role of diffusion. An experimental test of some of these approximations 2 has recently unveiled inadequacies that become quite obvious when comparing with experimental two-dimensional ͑2D͒ spectra of binary mixtures obtained by the correlation spectroscopy revamped by asymmetric Z-gradient echo detection ͑CRAZED͒ ͑Ref. 3͒ pulse sequence.
In a pioneering paper Ardelean and Kimmich 4 proposed an expression for the signal evolution during the observation period of the CRAZED pulse sequence. In their treatment, diffusion during the observation period does not act directly on the transverse component of magnetization but only indirectly through the spatially modulated dipolar field, which is proposed to be attenuated in a special manner. Ramanathan and Bowtell 5 noticed that in a regime where aϭ1/k 2 D d Ӷ1, where k denotes the wave vector of the spatial modulation of magnetization caused by the magnetic field gradient, D denotes the diffusivity, and d denotes the dipolar demagnetization time, analytical solutions of the Bloch-Torrey equations are possible. They further demonstrated that the Ardelean-Kimmich expression could be obtained from the Bloch-Torrey equations only in the limit aӶ1. However, no clue was offered as to what order of perturbation was involved, in what range of values of the observation time the solution could be expected to be valid, or how to generalize the procedure to higher orders.
In this paper we attempt to answer these questions in a systematic manner using a perturbative approach to the solution of the Bloch-Torrey equations in the presence of distant-dipole fields. The results are especially interesting when applied to the calculation of 2D CRAZED spectra of dilute binary mixtures consisting of molecular species with different diffusivities. In this case, some of the inadequacies resulting from a simplistic application of standard approximations 6 are shown to be removable by the present approach. Figure 1 shows schematically a CRAZED pulse sequence involving two /2 pulses. The first and second magnetic field gradient pulses have width ␦ and, respectively, amplitudes G and pG, where p is an integer. Furthermore, the duration ␦ of the gradient pulses is assumed, for simplicity, to be negligible compared with the evolution time t 1 and the observation time t 2 .
II. THEORY
In a frame rotating at the Larmor frequency of a single species of spins, with magnetogyric constant ␥, and assuming polarizing field and gradients applied along the z axis, one is interested in the time evolution of the transverse magnetization density M ϩ ϭM x ϩiM y . After the application of the first (/2) x pulse and the short gradient pulse of area G␦, the magnetization density becomes M ϩ (z,␦) ϭiM 0 exp(Ϫi␥G␦z) with M z ϭ0, where M 0 denotes the uniform thermal equilibrium magnetization density. This magnetization helix is attenuated at later times by diffusion and relaxation.
In order to simplify the mathematical expressions and emphasize the role of diffusion, we choose to first ignore relaxation postponing for the moment the discussion of its effects. This is equivalent to assume that the relevant evolution and observation times are short compared with T 1 and T 2 , where T 2 and T 1 denote transverse and longitudinal relaxation times, respectively. Moreover, this condition is approximately satisfied for the systems we will be discussing.
Consider first the evolution of the transverse magnetization density ⌫ ϩ (z,t 2 ) assuming that distant-dipole effects are 
where kϭ␥G␦ and D denotes diffusivity. where we have defined ␣ϭae Ϫk 2 Dt 1 . We can attempt an iterative procedure to obtain a solution of Eq. ͑4͒ valid to first order in a. To that end we adopt, as an approximant of order zero m 0 ϩ (,t), the solution of Eq. ͑4͒ corresponding to a simple precession in the dipolar field.
Thus 
where
Higher order approximants can be readily obtained in the same fashion. Their general form is, to first order in a,
where ⌳ n (t), ⌫ n (t) are partial sums of, respectively, the temporal series ⌳(t) and ⌫(t). In order to calculate the observable signal amplitude only those terms of M ϩ (,t)ϭ⌫ ϩ (,t)m ϩ (,t) which, for рkL z , survive an integration over need to be considered. Here L z is the length of the sample along the z direction and we are assuming kL z ӷ1. Denoting by M n ϩ (t) the integrated ͑normalized͒ signal corresponding to the approximant of order n we obtain
where the sum of the two temporal series of Eq. ͑10͒ can be inferred from Eq. ͑8͒ to be This result permits a simple analytical expression. From the definition of j (t) in Eq. ͑9͒, the following recursion formula is obtained:
Hence, the sum of the series can be seen to be simply the hyperbolic sine
Substituting this result into Eq. ͑11͒ we obtain for the signal amplitude normalized by M 0 From our approach we conclude that M ϩ (t 1 ,t 2 ) given by Eq. ͑15͒ is only a first order in a solution. Moreover it is only valid for a limited range of values of t 2 . From Eq. ͑10͒ we notice that for the first order perturbation to be valid for all values of the conditions 2␣⌫(t)Ӷ1 and ␣⌳(t)Ӷ1 should be satisfied. This leads to the condition sinh(t) Ӷ2/␣, which for ␣Ӷ1 can result in a sizable range of time. Moreover, the condition tу1/4 which permits to neglect, for pϭ2, the term e Ϫ(pϩ1) 2 t in Eq. ͑1͒ is not too restrictive. It would cause Eq. ͑15͒ to somewhat miss a relatively small portion of the initial growth, which reaches its saturation value at tϷ2.5. If one assumes, for example, a value ␣ϭ0.01, typical for the 2D experiments of Ref. 1, one could expect Eq. ͑15͒ to be valid in the range 0.25рtр5.5, whereas for tϾ5.5 some departures are expected to become apparent requiring higher order terms in the perturbation series.
The derivation of Eq. ͑15͒ by the present perturbative method, rather than as a limit of the Ardelean and Kimmich 4 formula, permits considerable physical insight. In the latter case it is postulated that diffusion has no direct effect upon the transverse component of magnetization during observation time t 2 . The effect is only indirect through the spatial modulation of dipolar field, which is proposed to be attenuated in a special manner. In the present approach no such postulate is employed. Moreover, it is shown that such assumption is not warranted in general. The decay of the transverse component of magnetization during t 2 , caused by the term e Ϫ(pϪ1) 2 k 2 Dt 2 in Eq. ͑1͒, is shown to be refocused by the term sinh(k 2 Dt 2 ), resulting from the sum of the series of the Eq. ͑14͒, only if t 2 is not too long. Thus, in the derivation of Eq. ͑15͒ from the Ardelean and Kimmich 4 formula the only condition required is aӶ1, regardless of the value of t 2 .
In the present approach we show, however, that Eq. ͑15͒ cannot be valid for long values of t 2 and we also estimate the range of its validity.
The perturbation approach can be extended, in principle, to a higher order in a but the summation of the temporal series appears to be quite difficult. It is possible, however, by inspection of the terms which survive the spatial integration over , to conclude that the correction in a 2 vanishes and that the next nonzero correction is of order a 3 . In order to explain some observed discrepancies in the interpretation of 2D CRAZED spectra, 2 we next consider a binary mixture of two molecular species with different diffusivities. Let A and B denote two molecular species with diffusivities D A(B) and let 2 denote the chemical shift between the two resonances, each consisting of a single line. The concentration of spins of each species is chosen, for simplicity, to be the same, permitting to set M 0A ϭM 0B ϭM 0 . Furthermore, the carrier frequency of the nonselective /2 pulses is chosen to be equidistant from the two resonances.
In a reference frame rotating with the applied radio frequency one can write for the transverse magnetization, in the absence of distant-dipole fields, the following generalization 2 of Eq. ͑1͒: Finally, the effect of relaxation in Eq. ͑15͒, valid for a single species, can be included by handling the terms inside and outside the square brackets in the same way as in Eq. ͑18͒.
III. DISCUSSION

